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We carefully investigate the modified Einstein’s field equation in a four dimensional (3-brane) arbitrary man-
ifold embedded in a five dimensional Non-Riemannian bulk spacetime with a noncompact extra dimension. In
this context the Israel-Darmois matching conditions are extended assuming that the torsion in the bulk is con-
tinuous. The discontinuity in the torsion first derivatives are related to the matter distribution through the field
equation. In addition, we develop a model that describes a flat FLRW model embedded in a 5-dimensional de
Sitter or Anti de Sitter, where a 5-dimensional cosmological constant emerges from the torsion.
PACS numbers: 04.20.Cv, 04.50.-h, 11.10.Kk, 11.25.-w
I. INTRODUCTION
For a few decades, brane world models have been an inter-
esting option within extra dimension theories. In this scenario,
String Theory is valid at high energies and gravity is defined
in a 4+D dimensional manifold. At low energy scales, one
expectes to recover conventional gravity and hence the gravi-
tational field should be mostly confined in the 4 dimensional
manifold.
From the perspective of String Theory, brane world are phe-
nomenological models with only 1 extra dimension. Hence,
it’s assumed that the other dimensions become somehow ig-
norable and all deviations from low energy physics can be im-
plemented in 5 dimensions.
Perhaps the three most successful models are the Dvali-
Gabadadze-Porrati (DGP) and the two types of Randall-
Sundrum models (see [1]-[4] for a review in brane world).
We shall focus on the Randall-Sundrum RSII type in which
is possible to have a noncompact extra dimension if the bulk
describes a nonfactorizable geometry [5].
There are different reasons to study brane world models.
Beside its String theoretical motivation, brane world have
some attractive features and applications. It can, for example,
solve the hierarchy problem [6] or eliminate some singularity
issues [7]-[11], even though still persists the stability problem
of the Cauchy horizon in gravitational collapse [10, 12]. In
cosmology it can lead to inflationary or late time accelerating
models [13]-[15]. They are also nice models to study holo-
graphic ideas such as the AdS/CFT correspondence which can
be implemented in the lowest perturbative order [16]-[20].
In this paper, we propose to include torsion effects in the
brane world scenario. Even though, up to date, there is no ex-
perimental evidence for introducing torsion in gravity, there
are some theoretical arguments in favor to consider torsion
fields as a desired component in any spacetime theory [21]-
[23]. In String Theory, the low energy limit effective La-
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grangian has besides the aimed gravitational field, a dilaton
and an anti-symmetric field [24, 25] in which case the tor-
sion potential can be an anti-symmetric Kalb-Ramond field.
Furthermore, if one wants to implemente the local Poincare
symmetry as part of a gauge theory then torsion fields are also
necessary (see [26]-[28] for a review on theories with torsion).
The above mentioned Cauchy problem in gravitational col-
lapse is intrinsicaly related to the affine structure of the mani-
fold. Thus, one might also hope to avoid its divergences while
including torsion effects. It has been shown [10] that brane
world corrections to the Schwarzschild metric tend to attenu-
ate gravitational lensing effects which could be a problem to
accord with solar system experimental tests. Therefore, tor-
sion can also play an important role in these matters.
In this first analysis, we shall not be concerned with the
origin of the torsion field. We shall consider the torsion as
a fundamental tensor that defines the affine structure of the
bulk but is otherwise completely independent from the metric
tensor. Therefore, for a 5 dimensional bulk, there is no a priori
constraint in the 50 components of its torsion field.
The paper is organized as follow. Next section is devoted
to define some basic geometrical objects, mainly to fix nota-
tion and clarify our convention for the geometrical objects that
roughtly follows Wald’s book [29] but with a different metric
signature. In section III we derive the Gauss-Codazzi embed-
ding equations assuming 5-d Einstein’s equation in the bulk
with torsion. Then, in section IV we analyze the new junction
conditions and relate the extrinsic curvature to the bulk matter
distribution and the torsion field. In Section V we construct a
specific example by proposing an ansatz for the torsion field
where is possible to embbed a FLRW metric in a 5D geom-
etry with constant scalar curvature. Depending on the signa-
ture of the extra dimension, the cosmological toy model can
describe a static universe or a model with a transition from a
deccelaration to acceleration phase. Last section is reserved
for comments and final remarks.
2II. BASIC EQUATIONS
We shall consider non-riemannian manifolds with torsion
and therefore it might be usefull to explicitly define some ba-
sic relations inasmuch that the position of the index are now
rather important and some of the usual symmetries are lost.
In our convention, any metric eingenvalue associated with
a time coordinate can at a point be made +1 and with a space
coordinate −1, i.e. a normalized timelike vector has ξµξµ = 1.
The covariant derivative is defined as
∇bξ
a ≡ ξa ,b + Γ
a
bcξ
c ,
and the curvature tensor as
Rabcd ≡ Γadb,c − Γ
a
cb,d + Γ
a
cmΓ
m
db − Γ
a
dmΓ
m
cb .
Let us consider a N-dimensional space endowed with a met-
ric tensor (N)gab and a non-trivial affine structure due to torsion
terms (N)T a. bc. The connection can be defined as
(N)Γ
a
bc =
(N) { a
bc
}
+ (N)Ka. bc , (1)
where (N)
{
a
bc
}
is the Christoffel symbol and (N)Ka. bc is the con-
tortion tensor. The torsion
(N)T a. bc ≡ (N)Γ
a
bc −
(N)Γ
a
cb (2)
together with the metricity condition (N)∇cgab = 0 allow us to
write the contortion as
(N)Kabc =
1
2
((N)T abc + (N)T bac + (N)T cab) , (3)
which has the anti-symmetry (N)Kabc = −(N)Kcba. The cur-
vature tensor can be separeted in its Riemannian and non-
Riemannian parts as
(N)Rabcd =
(N)
˜Rabcd +
(N)Kabcd , (4)
with (N) ˜Rabcd being the Riemanian tensor defined only with the
Christoffels [29, 30] and
(N)Kabcd =
(N)Dc(N)K
a
. db −
(N)Dd (N)K
a
. cb +
+(N)Km. db
(N)Ka. cm −
(N)Km. cb
(N)Ka. dm , (5)
where (N)D means covariant derivative constructed only with
the Christoffel symbols.
In our study, we consider a bulk manifold U5 with coordi-
nates {YA, A = 0, .., 4} and the brane V4 as a subspace of U5
with coordinates {xα, α = 0, .., 3}. We can define an unitary
vector field XA ∈ U5 orthogonal to V4. That is,
(5)gABYA, αXB = 0 , (6)
where YA, α ∈ V4 forms a vector basis, and
(5)gABXAXB = ǫ = ±1 , (7)
where ǫ = +1 for a timelike extra dimension and ǫ = −1 for a
spacelike extra dimension. Thus, the induced metric in V4 is
defined as
(4)gαβ = (5)gABY
A
, αY
B
, β (8)
In addition of V4 and U5 being metric spaces, throughout
this paper we will consider that the torsion components do not
vanish, in general, in any of these two manifolds.
III. FIELD EQUATIONS
To derive the effective gravitational equation in the brane,
we start with Einstein’s field equation in the bulk without cos-
mological constant, i.e.
(5)GAB ≡ (5) ˜GAB + (5)LAB = κ25
(5)T AB , (9)
where
(5)
˜GAB ≡ (5) ˜RAB −
1
2
(5)
˜R (5)gAB , (10)
(5)LAB ≡ (5)KAB −
1
2
(5)K (5)gAB , (11)
with (5)KAB ≡ (5)K
C
ACB and (5)K ≡ (5)g
AB (5)KAB.
By defining the extrinsic curvature
Ωαβ = −
(5)gABY
A
, αY
C
, β
(5)∇CXB , (12)
where (5)∇ is the covariant derivative built with the connection
(1), it is straightforward to show that
(4)Rαβγδ = (5)RABCDYA, αYB, βY
C
, γYD, δ+ǫ(ΩβδΩαγ−ΩβγΩαδ) ,
(13)
and
(4)∇γΩαβ − (4)∇βΩαγ = (5)RABCDXAYB,αYC,γYD,β − T
σ
. γβΩασ .
(14)
Equations (13) and (14) are the Gauss-Codazzi equations
for nonvanishing torsion components. Contracting β and δ in
the Gauss equation we get
(4)Gαγ = (5)RACYA, αYC, γ − ǫ (5)RABCDYA, αXBYC, γXD +
+ǫ(ΩαγΩ −ΩαδΩδγ) −
1
2
(4)gαγ
(4)R (15)
with (4)Gαβ ≡ (4) ˜Gαβ + Lαβ, and with an another contraction
(4)R = (5)R − 2ǫ (5)RACXAXC + ǫ(Ω2 −ΩγδΩδγ) . (16)
Finally, using this result in (15) we have
(4)Gαγ = (5)GACYA, αYC, γ − ǫ (5)RABCDYA, αXBYC, γXD +
+ ǫ(ΩαγΩ −ΩαδΩδγ) −
1
2
ǫ (4)gαγ(Ω2 −ΩβδΩδβ) +
+ ǫ (5)RACXAXC (4)gαγ . (17)
Since Einstein’s equation determine only the trace part of
the curvature tensor, it is usefull to decompose it in terms of
its traces and the Weyl tensor, the trace-free part,
(5)
˜RABCD = (5)CABCD +
2
3
[
(5)gA[C
(5)
˜RD]B − (5)gB[C (5) ˜RD]A
]
−
1
6
(5)
˜R(5)gA[C
(5)gD]B .
Using this decomposition, equation (17) can now be written
as
(4)Gαγ =
(
2
3
(5)
˜RAC + (5)KAC
)
YA, αY
C
, γ + ǫ(ΩαγΩ − ΩαδΩδγ)
−
1
2
ǫ(Ω2 − ΩβδΩδβ)(4)gαγ − ǫEαγ − ǫJαγ + (18)
+
[
ǫ
(
2
3
(5)
˜RAC + (5)KAC
)
XAXC −
5
12
(5)
˜R −
1
2
(5)K
]
(4)gαγ ,
3where we have defined
Eαγ ≡ (5)CABCDYA, αXBYC, γXD ,
Jαγ ≡ (5)KABCDYA, αXBYC, γXD ,
The bulk field equation (9) can be used to substitute the trace
part of the curvature tensor by the energy-momentum of the
bulk and the torsion terms. Therefore, we can rewrite equation
(17) as
(4)Gαγ =
2
3κ
2
5
[
(5)T ACYA, αY
C
, γ +
(
ǫ(5)T ACXAXC −
1
4
(5)T
)
(4)gαγ
]
+
+ǫ(ΩαγΩ −ΩαδΩδγ) −
1
2ǫ
(4)gαγ(Ω2 −ΩβδΩδβ) − ǫ
(
Eαγ + Jαγ
)
+
1
3
(5)KACYA, αY
C
, γ +
1
3
(
ǫ(5)KACXAXC −
1
4
(5)K
)
(4)gαγ . (19)
These are the modified Einstein’s field equation in the brane
when one considers nonvanishing torsion for the bulk. The
torsion manifest itself introducing extra correction terms in
the field equation but also inducing a torsion tensor in the
brane. Recall that there is also torsion terms within (4)Gαγ
similarly to equation (9).
To describe the evolution of the field restricted to the brane
we still have to specify how the brane is curved with respect
to the bulk, i.e. determine the extrinsic curvature. Therefore,
next section is devoted to establish the junction conditions to
connect the extrinsic curvature to the matter distribution.
IV. JUNCTION CONDITIONS
Let us assume a given matter distribution restricted to the
4-dimensional brane (1+3) embedded in a 5-dimensional bulk
space where the extra dimension can be timelike or spacelike.
In General Relativity, we know that the Israel junction con-
ditions must be satisfied in order to properly describe the ge-
ometry of spacetime taking into account possible disconti-
nuities of the matter distribution [31]. Since we have a 5-
dimensional Einstein equation that connect matter distribu-
tion with geometry, there are also consistency conditions relat-
ing the extrinsic curvature with discontinuities of the energy-
momentum tensor across the brane.
If one assumes that the metric is continuous in the bulk,
any discontinuity of its first derivative across the brane must
be perpendicular to the brane[(5)gAB,C]V4 = χABXC ,
where
[ f ]V4 means discontinuity of f across V4 in the
Hadamard sense [32]-[34], and χAB = χBA. Working this
discontinuity up to the curvature tensor, we will be able to
connect it with the matter discontinuity through Einstein’s
equation. However, we still have to specify how the torsion
changes due to a matter discontinuity. The torsion modifies
the affine structure of the manifold, hence, it should be con-
sidered as fundamental as and independent from the metric.
Notwithstanding, the field equation shows that its first deriva-
tive should be discontinuous if we consider matter discontinu-
ities. Therefore, it seems reasonable to assume that the torsion
or equivalently the contortion tensor is continuous just as the
metric tensor but its first derivative is discontinuous.
In order to obtain the junction conditions, we will consider
Gauss’ equation (13) for a gaussian coordinate system given
by
ds2 = ǫdy2 + (4)gαβ(xγ)dxαdxβ, (20)
where y denotes the extra dimension and XA ≡ δAy . Therefore,
by contracting α and γ in (13) we get
(4)Rβδ = (5)RABYA, βY
B
, δ−ǫ
(5)RyByDYB, βY
D
, δ+ǫ(ΩβδΩ−ΩβγΩγδ) .(21)
For this coordinate system the Christoffel’s symbol are simply
(5)
˜Γ
y
By = 0 , (5) ˜Γ
y
BC = −
ǫ
2
(5)gBC,y ,
(5)
˜Γ
A
By =
1
2
(5)gAC (5)gBC,y ,
which will give for the riemannian part of the curvature tensor
(5)
˜RyByD =
1
4
(5)gCE (5)gCD,y
(5)gBE,y −
1
2
(5)gBD,y,y .
On the other hand, we can explicitly calculate the derivative
of the extrinsic curvature which gives
Ωαβ,y = [(5)KyDB,y −
1
2
(5)gBD,y,y]YB,αYD,β .
Using the above two equations, one can easily show that
(5)RyByDYB,αY
D
,β = Ωαβ,y −
(5)KyyB,DYB,αY
D
,β +
+
[1
4
(5)gCE (5)gCD,y
(5)gBE,y −
1
2
(5)gEF (5)gBF,yKyDE + ˜Γ
E
DBKyyE +
+
1
2
(5)gEF (5)gDF,yKEyB + KM. DBKyyM − K
M
. yBKyDM
]
YB,αYD,β .
Now equation (21) may be rewritten as
(5)Rαβ = ǫΩαβ,y + Zαβ , (22)
where Zαβ stands for continuous and bounded terms in a finite
region that circumscribe the brane.
As it’s commonly done in the brane world scenario, we as-
sume that the 5-dimensional energy momentum tensor has the
form
(5)T AB = (5) ˜T AB + (5)T ABδ(y) , (23)
where (5) ˜T AB and (5)T AB denote, respectively, the continuous
and discontinuous components of (5)T AB across the brane. In
addition, (5)T AB is assumed to be restricted to the brane, i.e.
(5)T ABXA = 0 and can be decomposed as
Tαβ ≡
(5)T ABYA,αY
B
,β = ταβ − σ
(4)gαβ , (24)
with ταβ describing the matter content confined in the brane
and σ is the tension of the brane.
4We can use the field equation (9) to write
(5)RAB = κ25
[
TAB −
1
3T
(5)gAB
]
δ(y) + κ25
[
˜TAB −
1
3
˜T (5)gAB
]
.
(25)
Recalling that by hypothesis Zαβ, (5) ˜T AB and (4)gαβ are
bounded functions around y = 0 and using equations (22)-
(25), we have
ǫ lim
ξ→0
∫ +ξ
−ξ
Ωαβ,ydy = lim
ξ→0
∫ +ξ
−ξ
(5)Rαβdy = κ25
[
Tαβ−
1
3T
(5)gαβ
]
.
(26)
Taking into account the Z2 symmetry, i.e. Ω+αβ (y) =
−Ω−
αβ
(−y) and the fact that Tαβ is symmetric, the symmetrical
part of the extrinsic curvature is given by
Ω(αβ) =
1
2
ǫκ25
[
Tαβ −
1
3T
(5)gαβ
]
. (27)
Its anti-symmetrical part can easily be obtained by using defi-
nitions (2) and (12). Therefore, the extrinsic curvature can be
written in terms of the energy-momentum tensor restricted to
the brane, the tension of the brane and of the torsion as
Ωαβ =
1
2
ǫκ25
[
ταβ −
1
3
(τ − σ) gαβ
]
+
1
2
TABCXAYB, αY
C
, β .
(28)
We can now collect all these terms and include in equation
(19). Thus, the modified Einstein’s equation in the brane be-
comes
(4)Gαβ + Λ4(4)gαβ = 8πGNταβ + ǫκ45Παβ + ǫFαβ − ǫEαβ − ǫJαβ
+
1
3
(5)LABYA, αY
B
, β +
1
3
(
ǫ(5)LABXAXB −
1
4
(5)L
)
(4)gαβ , (29)
where we have defined
Λ4 ≡
ǫ
12
κ45 σ
2 , GN ≡ κ45
ǫ σ
48π ,
Fαβ ≡
2
3κ
2
5
[
ǫ(5)T ABYA, αY
B
, β +
(
(5)T ABXAXB −
1
4
ǫ(5)T
)
(4)gαβ
]
,
Παβ ≡ −
1
4
ταγ + ǫ
κ25
TAαγXA

τγβ + ǫ
κ25
TBγβXB
 +
+
1
8
τδγτγδ + 1
κ45
TAδγTBγδXAXB
 (4)gαβ +
+
τ
12
ταβ + ǫ
κ25
TAαβXA
 − 124τ2(4)gαβ + ǫσ6κ25 TAαβX
A .
As we are not assuming a 5D cosmological constant, it is nat-
ural to expect that the 4D cosmological constant Λ4 depends
only on the brane tension σ and the 5D Einstein’s constant
κ25 (see [3]). On the other hand, as long as Newton’s con-
stant GN has to be positive, we have to take positive tension
σ for a timelike extra dimension or negative for spacelike, i.e.
σ = ǫ |σ|. Furthermore, the sign of the induced cosmolog-
ical constant Λ4 is also fixed by the nature of the extra di-
mension. The tensor Fαβ represents the contribution of the
5-dimensional energy-momentum tensor and Παβ are correc-
tion terms quadratic in ταβ that are no longer symmetric due
to presence of the torsion terms TAαβXA. One should also note
that (4)Gαβ in equation (29) include torsion terms, recall equa-
tions (9)-(11). Hence, in general, it is also not symmetric.
We have consistently introduced torsion effects in a 5-
dimensional bulk and derived the modified 4-dimensional
Einstein’s equation in the context of brane world models. To
complete our analysis, we propose a specific example that al-
low us to construct a cosmological toy model where the brane
is described by the FLRW metric.
V. EMBEDDING FLRW SPACETIMES IN A
NON-RIEMANNIAN MANIFOLD
In this section, we shall construct a solution of the field
equation (9) such that it admits the FLRW metric as subspace.
The field equation determines how a given matter distribution
(5)T AB should modify simultaneously the metric and torsion
tensors. Notwithstanding, these are non-linear and very in-
volved equations. Therefore, we shall propose an ansatz for
the torsion and metric tensors and show that they indeed sat-
isfy the field equation (9).
Let us consider an ansatz for the torsion in the bulk as
TABC = α (5)gA[B ϕ,C] ⇒ KABC = α (5)gB[A ϕ,C] (30)
where α is an arbitrary constant and ϕ is a 5-dimensional
scalar field. Furthermore, we shall assume vacuum config-
uration in the bulk, i.e. we take the metric to describe a
5-dimensional spacetime with constant scalar curvature, and
(5)T AB = 0. In the coordinate system (u, v, χ, ϑ, ψ) the metric
can be written as
ds2 = H2Λv2du2 +
ǫ
H2
Λ
v2
dv2 − v2[dχ2 + χ2dΩ2] , (31)
where dΩ = dϑ2 + sin2ϑ dψ2 is the solid angle and H2
Λ
is for
the time being only an arbitrary constant. Therefore the 5-d
Ricci scalar reads
(5)R = −20 ǫ H2Λ (32)
That is, for a timelike extra dimension we have a 5D de Sitter
spacetime. On the contrary, for a spacelike extra dimension
we have a 5D Anti de Sitter spacetime.
Using the above metric and assuming that ϕ = ϕ(v) with
dϕ
dv = −
1
αv
straightforward but long calculation shows that
(5)
˜GAB = 6 ǫH2Λ
(5)gAB
(5)LAB ≡ (5)KAB −
1
2
(5)K (5)gAB = −6 ǫH2Λ (5)gAB .
Therefore, our ansatz satisfies the field equation (9). Once
we have a 5-dimensional de Sitter or Anti de Sitter solution,
one can verify that the flat 4-dimensional FLRW spacetime
ds2 = dt2 − a2(t)[dr2 + r2(dθ2 + sin2θ dφ2)] , (33)
5can be embedded in the spacetime (31) through the following
embedding functions
Y0 =
1
HΛ
∫ dt
a
√
1 −
ǫa˙2
H2
Λ
a2
, Y1 = v(t) = −a(t)
Y2 = χ = r , Y3 = ϑ = θ , Y4 = ψ = φ .
One can also calculate the normal vectors that are given by
XA = ±
 ǫa˙H2
Λ
a2
,
√
H2
Λ
a2 − ǫa˙2 , 0 , 0 , 0
 .
We shall consider that the matter content restricted to the
brane is described by a perfect fluid
ταβ = (ρ + p)VαVβ − p(4)gαβ . (34)
Again, after some laborious calculation, one can show that
the corrected field equations in the brane read
(
a˙
a
)2
=
2πGN
3 ρ
[
1 − ǫ
2|σ|
ρ
]
−
Λ4
12
, (35)
a¨
a
= −
2πGN
3
[
ρ + 3p − ǫ
|σ|
ρ (2ρ + 3p)
]
−
1
6Λ4 . (36)
For a perfect fluid with equation of state p = ωρ, the Co-
dazzi equation reads
ρ˙ +
a˙
a
(5ρ + 6p + σ) = 0 ⇒
⇒ ρ = ρ0
(
a0
a
)5+6ω
− ǫ
|σ|
5 + 6ω , (37)
where ρ0 and a0 can be taken respectively as the value of the
energy density and scale factor today. Taking the time deriva-
tive of equation (35) together with the above Codazzi equa-
tion, one re-obtains the dynamical equation (36). This is a
consistency check that reassure that our hypothesis of the tor-
sion tensor being continuous across the brane is well defined.
Considering ρ as a decreasing function of the scale factor,
i.e. ω > −5/6, the quadratic term on equation (35) could even-
tually become relevant for a timelike extra dimension, ǫ = +1,
and provides a way to avoid the initial singularity. However,
the nature of the extra dimension also fixes Λ4 > 0 and one
can show that it is impossible to find bouncing solutions with
a timelike extra dimension. In fact, this dynamical system has
only one solution that is a static universe with ρ = σ. Then,
equation (37) fixes the value of the scale factor. This static
solution is stable in the sense that the constraint equation (35)
does not allow the system to move away from the point ρ = σ.
One can also calculate all orders of time derivative of the scale
factor and show that they all vanish as should be if the system
is constrained to be fix in the static solution ρ = σ.
In the case of a spacelike extra dimension, ǫ = −1, the dy-
namics changes completely. All the terms on the right-hand
side of equation (35) are now positive definite. Hence, we
again don’t have bouncing solution. Equation (37) shows that
in an expanding universe the energy density approaches a pos-
itive constant
lim
a→∞
ρ→
σ
5 + 6ω .
In addition, if ω > −2/3, the universe starts in a deceler-
ating expanding phase with small scale factor and very high
density energy and eventually evolves into an accelerating
phase that will tend asymptotically to a de Sitter like ex-
pansion. Thus, a spacelike extra dimension can reproduce
the transition from a decelerating phase with ρ ∝ a−3 for
ω = −1/3 to an accelerating regime with an effective cos-
mological constant ρ = 13σ and a¨/a =
4πGN
9 σ.
VI. CONCLUSION AND PERSPECTIVES
In the present work, we have studied the modifications in
the brane world scenario due to the presence of torsion in the
affine structure of the bulk manifold for an arbitrarily extra di-
mension, ǫ = ±1. The Gauss-Codazzi equations were barely
modified with the appearance of an extra torsion term in the
Codazzi equation, but now the extrinsic curvature is no longer
symmetric. Assuming a 5-dimension Einstein-like field equa-
tion in the bulk, we derived the 4-dimensional Einstein’s equa-
tion with the extra terms depending on the 5-dimensional
energy-momentum tensor, the extrinsic curvature and torsion
terms. Considering nonvanishing torsion in the bulk, the tor-
sion introduces extra correction terms in the field equation but
also induces a torsion tensor in the brane.
We have implemented the junction conditions, which con-
nect the extrinsic curvature to the matter distribution, assum-
ing as usual that the metric tensor is everywhere continuous.
Furthermore, inasmuch as the torsion is an independent ten-
sor and in a sense as fundamental as the metric tensor, we
have considered that the torsion is also continuous but its first
derivative, which appears in the field equation are discontin-
uous. The novelty in the junction conditions is related to the
anti-symmetric part of the extrinsic curvature given by the 5-
dimension torsion tensor projected into the brane.
The identification of the Newtonian constant, GN , fixes the
sign of the tension of the brane with respect to the extra di-
mension, σ = ǫ|σ|. In addition, the cosmological constant in
the brane Λ4 also is fixed and has the same sign of the extra
dimension. In our toy model, the de Sitter (or Anti de Sit-
ter) bulk solution comes from an effective cosmological con-
stant related to torsion terms. However, if one defines the 5-
dimensional field equation including from the beginning a 5-d
cosmological constant, then Λ4 is no longer fixed an in fact
does not need to have the same sign as the extra dimension.
Finally, we developed a toy model where the torsion tensor
has only a scalar degree of freedom. We have shown that this
ansatz is equivalent to an effective cosmological constant al-
lowing the de Sitter (or Anti de Sitter) like solution in the bulk.
For a timelike extra dimension, ǫ = +1, there is only a unique
solution that describes a static universe. Contrarily to other
static solutions in the literature [35]-[38], this solution is sta-
ble in the sense that Friedmann’s equations do not allow any
6matter perturbation restricting the scale factor to a fixed value.
In the case of a spacelike extra dimension, ǫ = −1, the tension
of the brane contributes to the energy density so that the as-
symptotic solution is an ever expanding de Sitter universe, but
without a varying tension in the brane as in [14]-[40].
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